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STATED MEETING, WEDNESDAY, NOVEMBER 30, 1859. 

James Henthorn Todd, D. D., President, in the Chair. 

The Eev. Robeet Cabmichael, F. T. C. D., read the second part of 
a paper — 

ON CEETAIN METHODS IN THE CALCUXTJS OF FINITE DIFFERENCES. 

Sect. II. — On th$ Application of the Calculus of Finite Differences to 
the Symbolical Reduction of certain Definite Integrals. 

The theorems principally employed for the deductions of the results 
contained in the following section are two, fundamental in their cha- 
racter as regards the Calculus of Finite Differences, and easily proved, 
namely — 

F (e D x ) . m x = F (m) . m', (I.) 

and 

F (A) . m* = F (i» - I) . m', (II.) 

where F is any algebraic function of the quantity it contains, m any 
constant, and A the ordinary symbol of this Calculus. 

1 . By the first theorem, if we were required to determine the value of 
any definite integral of the form 

J"* 2 F 0) x'ihe, 

we see that this integral is instantly reducible to the symbolic shape 

J* 2 F (e D °)x>dx; 

and if the quantity a be supposed to be independent of the limits of the 
integral x lt x 2 , transferring, as is legitimate, the symbolic operator out- 
side the sign of integration, we have, as the symbolic result, simply 



D„ ( X."** - Xf'\ 



the further evaluation of which will depend upon the particular form of 
the given function F. The result now obtained admits of ready veri- 
fication by the substitution for F (x), F (e D °), of their equivalents, de- 
rived from the formula 

F («) =F (0) + F' (0) . | + F" (0) . Ji + F"'(0) . -J^ + &c, 

and its value consists in the circumstance that the question proposed has 
now become reduced to the mechanical working out of the product of a 
known operation, upon a simple known subject, that operation proceed- 
ing according to a known and practical method. 

B. I. A. PEOC. — VOL. VII. 2 M 
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2. Similarly, if we were required to determine the value of a definite 
integral of the form, 



j* 2 F (#-!)#•<&, 



the value of a being, as before, independent of the limits of the integral, 
we have, as our symbolic result, in the first instance, 

(the suffix to the symbol A being employed to denote that this symbol 
is understood to operate only upon o), and the further evaluation, as be- 
fore, simply depends upon the particular form of the given function F. 
3. More generally, if we were required to determine the value of any 
definite integral of the form 



f*P*F,(aOF,(y)*-y*fe«fr, 



wherein the quantities a, /}, are supposed to be independent of the limits 
and of each other, we see that this integral is equivalent to 

P, D «) F, (•*»„) . (* \" x^dxdy, 
P, (,*>.) F 2 (,»„) . ~J2 x« (*<"-**') dx : 

and if, for simplicity, the equations of the limiting curves be written in 
the form 

the final symbolical value of the given integral is 

F, (A) F 2 (,"/.) . JL {/, (•»») -/. (A) ) • ( f ^~) 

and the complete evaluation now depends, in general, solely on the par- 
ticular values of the given functions F„ F 2 , /,, / 2 . 

4. Similarly, if it were proposed to determine the value of a definite 
integral of the form 

[** ( ya F, (x - 1) F 2 (y -1 ) x°yf>dxdf, 

wherein the quantities a, /3, are supposed to be independent of the limits 
and of each other, we see that this integral is equivalent to 

F, (A.) . F,(A,) .\^^yHxdy, 
or, with the same limiting curves as before, 
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and, as before, the complete evaluation of this symbolic form depends, in 
general, solely on the particular values of the given functions, F,, F^,/,, 

5. The results obtained in the preceding articles may be still further 
generalized. In fact, if the quantities a, y3, 7, &c, be supposed to be 
independent of the limits and of each other, it is evident that we may 
write the multiple definite integral 

\ Xi \ y * ["* . . . F, (*) F 8 (y) F 3 (»)... vyfiti . . . dxdydz . . . 

J xi J yi ) ai 
in the form 

Fi (« Da ) F, (e D fi) F, («°r) . . . f X2 f* 2 f *Vy0«r . . . <fe<fy& . . . , 

J *i J yi J z\ 

and then, solving the simpler integral, proceed to evaluate this result 
when operated upon by the symbolic factor to the left hand of the ex- 
pression just obtained. 

In the same manner, the multiple definite integral 

fa* m f ^ . t Fi ( x _ x) p 2 (y _ 1) F 3 <>- 1) . . aryfiet . . dxdydz.. 
J "i J yi J «i 

is seen to be equivalent to 

F, (AJF 2 (A^)F 3 (A T ) . .£ [" J* • • *•*<»*> . . (M?A. . . 

and the proposed question is reduced, as before, to the determination of 
the value of a simpler integral, and the deduction of the expression re- 
sulting from the operation upon this value, by the symbolic factor to the 
left hand of the formula last written down. 
6. Since, as is easily seen, 

we have, by successive operation, 

e p{D x *D v i _ m x n y _ ( mn y _ m * n v. 

Hence, in general, if F be any algebraic function, 

F (e D ** D t>) . m'n y = F (mn) . m*n». 

By the aid of this theorem, we see that we are readily furnished with 
means for the reduction and simplification of certain other species of de- 
finite integrals. 

Thus the same suppositions as before being made with respect to a, /3, 
it appears that the definite integral 

f * (^ F {xy) x-yHxdy = F (e D .">fi) . £ J 1 * x'yWxdy, 



236 
and, again, the definite integral 

j^j^FO^l . i^l) x°yHxdy=^ (A„. A fi ) r a | ya x"yWxdy: 
or, more generally, that the multiple definite integrals 



and 



Jx J JT • • ■ F (*- ! ■ y " ! ■ a - ! )• vy** 1 • ■ • dxdydi . . . 

may be reduced, respectively, to the simpler symbolic forms 

F(#°«*W---) •|* 2 | ! ' a }7 • • • *"!?*> • • • dxdyd% . . . 
and 

¥(A..A fi .A y ...) \* % \**\*---* , yt i *'- . .dxdyd%... 

7. Again, it appears from considerations suggested in the last article, 
that the definite integral 

and the definite integral 

or, more generally, that the definite integral of the fourth order 

» p / — 1 x'yP%iu> i dxdydzdw 
ixiJyi^ ziiwi \ywj 

may be reduced to the symbolic form 

F (A*VV Dj) ) ■ j* 2 j ?2 j** j^V*^^^*"^ 
and the corresponding definite integral 

to the symbolic form 

F I — ^ — l)-l 2 3 " x a y^%^w i dxdydzdw. 
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EXAMPLES. 
(1.) 

Hence, as a special case, 

f (log a;)" . a-o-'db = (jD,) b . f - 

(2.) 

f*2 x a ~ i dx 

Hence, as a special case, 



i 



1 £^L = 2 . ll\ 

o (x-iy a " ■' 



(3-) 

(* o^ 1 (1 -*)«-> ate = (-l)«-' . A p *-> . ^Zfi" . 

Hence, as a special case, 

|V'(l-^^ = F(f{)=(-l) H .^'.Q, 

and, if j be any positive integer, we very easily derive for the value 
of the first Eulerian Integral, in this case, 

1.2.3 (g-1) 

F ( p ' i '~p(p+ l)(i> + 2) . . . ip + q-l)' 

(4.) Let it be proposed to reduce the integral, first discussed by 
Binet, 



| { (1 + x)*- 1 (1 - a;)«-i + (1 + x)"- 1 (1 - xy \ dx. 
lidainental theorem, we substitute : 

F(A a ).(l + x)«=F( : r).(l + xh 

hich coui 1 readily have been dedu 
jily seen that the integral proposed 

(l-A,,)"- 1 . (' (1 + x)"-' <fx+(l-A 4 )"- | .| l (l+xY'dx 



If, in our second fundamental theorem, we substitute m + 1 for m, we ob- 
tain the theorem 



a result, indeed, which coui 1 readily have been deduced directly. 
Hence, it is easily seen that the integral proposed is equivalent to 
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or, finally, 



1 2* - 1 \ ( 2« - 1 



p j \ i 

For the evaluated result, Binet has obtained the very simple form 

2^> . F (p, g). 
(5.) To evaluate the integral 

f 1 (^-^(l-xfdx 
Jo 

quoted by Haan from Lobatchewsky, Mim. Kasan. 1835. 
It is obviously equivalent to 

<- i)6A » i -(«4i) + j;< i -^ (, - a - ) ' 

or, at once, by a previous example, 

1.2.3 J 1 



0+1)0 + 2). ..(a + b) b+V 



The form in which the value of this integral is given by Haan is, in the 
notation of Kramp, 

( \" n 1 ) 

1 2<^/i 2 Ml j' 

the law of this notation being expressed by the formula 

x m "' = x(x + n)(x + 2n). . . .(x + m- In). 

(6.) It is a well-known theorem, due toH.Dirichlet, that if the vari- 
ables x, y, %, &c., be connected by the condition 

x + y + z + &c. L\, 

then will the multiple definite integral 

J J J " " r(\+l+m + n + ...) 

Hence it follows that, if * be any algebraic function, the symbolic reduct 
form of the result of the evaluation of the multiple definite integral 
(proposed for discussion, Moigno, Lemons de Cat. Biff, et Int., tome ii., 
p. 265), 

Jjj . . . 4> (x + y + z+ &c.) .z'-'j''"-'*"- 1 . . . dxdytk . . . 

is simply 

*., n n n „ ^ r (0 r (»») r (») • • • 
* (e D i + e D »> + e D « + &c.) . — — , -■ ; v ' . 

v ; r(i + ? + w + »+...) 
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As a simple case, if the variables x and y be connected by the condition 

x+yll 
then will 

(J •(* + y)^y«(fc^-« (.**+ A) . r ( ? + f + ( ^ - 

It is obvious that, if the variables be connected by the same condition 
as before, and their number be p, we shall have for the result of the eva- 
luation of the multiple definite integral 

III. . . * (x + y + z + . . . - p) x 1 ' 1 y™-* «"-' . . . dxdydz.. . , 

in its symbolic reduct form, simply 

» o s r(/)r(w)r (»)... 

As a case of this last theorem, it appears that if the variables x and y be 
connected by the condition 

x+yll, 
then will 

There is no difficulty in extending these results to the more complicated 
case in which the variables are connected by the condition 

(7.) It may readily be proved by the assumption x* = z, that 

1.2.3 q 



D 1 -* 2 )' 



q x 2a-l sfft — X 



or, in the notation of Kramp, 

\qll _ \all 



i- 



a. I** 1 ' 



In the same manner it may be proved that 



J!o-**> 



)"x ia dx=- 



2.4.6 (2y) 



'o v ' (2a+l)(2« + 3) . . . (2«+l + 2j)' 

or, in the notation of Kramp, 

2» rt 
(2«+l)«*" 1 ' 
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Sect. III. — On certain Analogous Theorems in the Differential Calculus 
and the Calculus of Finite Differences. 

1. It is a well-known theorem in the operational or symbolic depart- 
ment of the Differential Calculus, that if <J> be any algebraic function 
of the symbol it contains, and u any subject, 

er"** . (D) . e mT u = * (Z> + m) u. 

By the aid of this principle, Dr. Boole has established his very remark- 
able theorem, that the equation 

u +j», * (D) e*u +pt <& (Z>) * (D - 1) e**u + . . . 

+p n * (D) * (Z> - 1) . . <t> (D- n + 1) *■*« = U 

may be resolved into a system of equations of the form 

u-q® (D)e*u- U, 

the values of q being determined by the equation 

qr+Piq^'+Ptq^'-r ■ ■ . + p**=0. 

2. Similarly, in the Calculus of Finite Differences, we have the cor- 
relative primary theorems 

or' . F B ) . »*w, = F (ae D ) . u„ 
and 

or* . F(A) . a*u x = H(aA + o~^l) . u t ; 

or, more generally, 

or"' . F (e D ) . ar x v, x = F (a m e D ) . u„, 

and 

«-"**. F(A) . a mx u x = 'E {«"y D +(a" , -l)} . u x ; 

each of which may be readily established inductively, and either of which 
may be dedueedfrom the other. 

The theorem in Finite Differences corresponding to that stated by 
Dr. Boole, and above quoted, is the following — (the reader being pleased 
to observe that the short symbolic general mode for writing an equation 
in Finite Differences, with constant coefficients, is 

*(e D ) .«,= U) — 
The equation 

tt, +i>i <& (e D ) «""«, +p 2 * (e D ) <£ (ar m e D ) o? m *u x + . . . 

+ p n <X> (e D ) <I> (a-'e D ) . . * («-'- 1 >"* D ') «"""«, = U 
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may be resolved into a system of equations of the form 

the values of q being determined, as before, by the equation 
q n +p l q n - x +Ptf at +. . . +p n =0. 

3. Again, as regards solution by series, if a differential equation, 
given to be solved, admitted of redaction to the typical form 

F„ (xB) y + F„ (xD) x"y = ~2Ax a , (1) 

where "F„ F„ are algebraic functions, and the order of the symbol xB is 
at least not lower in F than it is in F„, we may proceed in the follow- 
ing manner. 

Operating with the symbol F„ (xD) 1 upon both sides, we get 

F„(xD) „ Ax" 1 

or, if the roots of the equation F„ (p) = be supposed all real and un- 
equal, and designated by «i, * 2 , » 3 , &c, 

Hence, at once, 

2 F («) ( * F (*£) * + F„ (*Z>) * • F„ (*Z>) * &C - K 

y • •; + (2 

_ _ , , F n (xD) F„ fa;D) „ F„ (xD) n . . 

or, finally, 



y=i 



(3) 



2035 i 1 "^^)* + F„(2« + «) • F. (»+«)* *°" 



Let the roots of the equation F„ (j>) = 0, be> as before, 

a,, o„ oj, &C, 
R. I. k. peoc. — VOL. VII. 
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and the roots of the equation F„ (p)= 0, be 

A, A, A, 4o. 

Then it is evident that if any one of the following relations, namely, 
n + « = a,, oj, o 3 , &c, 

2n + a = a x , a z , a s , &C, 
3» + » = a„ a 2 , a 3 , &&, 
&C. 

should hold ; or any one of the following, 

n + a, = a,, aj, a 4 , &e. ; » -J- fl 2 = «[, 03, &c, 
2n + a x = a,, 03, « 4 , &c. ; 2» + a, = a„ a 3 , &c, 
3» -)- ai = «j, <%, Oj, &C. ; 3» + Oj = ai, 03, &c, 
&C, 

— in any of these cases, some of the terms in the above solution by 
series, become infinite, and therefore the corresponding equation ceases 
to be soluble by this method, if soluble at all. 

On the other hand, if any one of the following relations, namely 

n + a = ft, ft, ft, &c, 
2w + o = ft, ft, ft, &c, 
3 W + a = ft, ft, ft, &c, 

&c, 

should hold ; or any of the following : 

n + a, = ft, ft, ft, &c. ; n + a, = ft, &c, 
2» + a, = ft, ft, ft, &c. ; 2w + aj = ft, &c, 
3» + aj = ft, ft, ft, &c. ; 3» + oj = ft, &c, 
&c, &o. ; 

then, in the former case, the series included within the first pair of 
brackets would become, in so far as the corresponding constituents are 
concerned, terminate (if the word may be employed in its participial 
sense) ; in the latter case, the series included within the second pair of 
brackets would become, to a like extent, terminate. It may be noticed 
here that when an equation is said to be integrable ' in finite terms,' the 
expression, as it stands, is somewhat ambiguous, but is intended to convey 
that the solution may be expressed in a determinate number of terms, as 
in contrast to an indefinite, though even converging series, or a series 
possibly reducible, but not yet reduced. 
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EXAMPLES. 

By this method may be treated the equation first proposed for solu- 
tion by Euler, but, since his time, more completely identified with the 
name of another German mathematician. The equation alluded to is 
that known as Pfaff's differential equation, recently discussed by Dr. 
Boole in his valuable work on Differential Equations, and which, as re- 
marked by this latter distinguished author, includes all examples of the 
second order, which are susceptible of reduction to the binomial type. 
It is of the form 

(a + a! of) tflPu-t (b + SV) xDv, + (« + <fx") « = X. 

By the same method may be treated the still higher equation of the third 
order 

(a + a'x n ) x 3 JD 3 u + (b + b'x") aflPu + [c + c'x") xDu + (d+ d'x") u = X, 

or, more generally, the differential equation of the r* order, 

(a + a'x n ) xTTu + (b + b'x") xT l IT^u + &c. + (k + k'x n ) w = X, 

as is plain from observing that this last equation may be reduced to the 
form. 

{aafiy + baf x XT" 1 + &c. + h) u t x* {alx* Ir + b'x'- 1 D^ + &c. + V) u = X, 

or, transferring x" to the right-hand side of the second operator, 



{axD(xD-l).. (xD-rfl) + bxD(xD-l) . . (xD-r+2)+&e. 

+ 



hx, 



(«' (xD - n) (xD-n- 1) . . (xD - n + r- l) + b!(xD- n) 

. . (xD-n + r-2) + &c.\ x"u^ 

which is obviously of the required form. 

It will suffice to exhibitthe application of the method to Pfaff's equa- 
tion. This plainly can be reduced to the form 

(xD - a,) (xD - a,) u + k(xD - 0,) (xD - #,) x"u = 2Ma; m . 

Hence at once we get 

, (xD - /3,) (xD - j3 2 ) Mx m 

(xD - a,) (xD - a,) (m - a,) (m - <jj) 

or, finally, in full, 
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Map* f (m + » - ft) (m + n- ft) ^ 



,{ 



(»» - ai) (m - as) \ (»» + »- m) (»»+ re - as) 

+ & ( m + in - ft) ( OT + ' 2n ~ ft) (" + »~ ft) ( OT+ " -ft ) x „ _ &0 , 
(w + 2»-ai)(»» + 2»- a 2 ) (m + »— ai) (»» + »-«*"> 



A ^ h _ * (»* + "- ft) («»+»- ft) ^ 
I. » (» + ai - a 2 ) 

(ai + 2» - ft) («i + 2» - ft) (ai + n - ft) («i + » - ft y^,. _ ^ 
+ 2«a (2» + ai - a a ) (» + ai - a 3 ) * " ' 



j^ t A _ * («»+— ft) («»■»■»- ft> „ 

I. « (re + a 3 - ai) 

(a, + 2» - ft) («' + 2» - ft) ("2 + » - ft) (aa + w - ft) „ 

+ * 2«2(2»+a s -a,)(»+a a -ai) 

It may be remarked that the same method of solution, precisely, applies 
to partial differential equations of the type 

F (xD„ + yD y + s-Z>, + &c.) u + F„ (a;!), + yZ>„ + &c.) ©„« = 20 m 

•where 6„, G m are given homogeneous functions in the independent va- 
riables of the degrees n, m, respectively ; or to the reducible type 

F„ (axD I + h/D, + &c.) « f F„ (axD x + byD v + &c.) ©„« = 2© M , 

and that the partial differential equation, corresponding to the total 
differential equation discussed by Pfaff, namely 

(a + «'©„) (a?B>, + 2xyD,D y + y'B> v ) u + (b + b'&„) (xD x + yD y ) u 

1-(<! + «/© B )M=20 M> 

where ©„ is a given homogeneous function in x and y, admits of easy 
solution by a process similar to that already exhibited. 

4. A similar method of solution will apply to the class of equations 
in Finite Differences represented by the typical form 

F„ (A) w, + F„ (A) e"* u x = SJfo-*, 

where, as before, F and F n represent algebraic functions of the symbol 
A, and the degree of A in F n is supposed to be at least not higher than 
in F„. In fact, since 

/(A) Ca*=f(a-X)Ca", 
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we have 

or, if a lf a 2 , a 3 , &c, be, as before, the roots of F (p) = 0, 

Hence, at once, 

M I F(A) F.jA) F.(A) fa \ 

l^V F.(*Y + F {A)^F (*) e &c -)( a + 1 >> 



u x = * 



or, finally, 

^"-l)! 1 " *'„(«»•*» -1) 



««=-' 



Me m3! F W*" -11 



F n (r~>-i).F K (<r»-i ) ^ _ &c 
+ F < ,(f uln -\).F <> {^ m -l) 



+ 



5 /,(^«tl-l) 



# («*•«+ 1-1). F,(e» «+ 1-1) 



EXAMPLE. 



Let it be proposed to solve the equation in finite differences, corre- 
sponding to Pfaff's differential equation 

(« + a'p") £u x + (b + h'p') tM x + (c t e'p') i* r = X= Sitfe"". 

This equation may obviously be tibrown into the form 

(a - »i) (a - oj) u x + k (a - y3,) (a - p^fu, = SJf^'. 

Hence we obtain the primary form — 

I , (A-B.)(A-B,) ) „ J/e" 1 

+C,(l + a,)' 
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and the solution, in series, required is — 

Me mt 



«,= 



j 1 _ 1 (gl-l-ft)(f--l-ft) te j 



(«"• - 1 - «0 (e„-l-cO\ (j>e m -1-*,) G«" 

+ 
ft (1 + «0* ( 1 "A 0^»-Wj(yjjj.-l-ft) j 

(p-i)(i + «,)(*i+« I -i+-o* T j 

+ 

U»-i)O+-0O»i + «,-i+*r j 

5. In the Differential Calculus, the following transformation of a 
theorem previously stated is occasionally useful, namely, 

1 . F(xD) .x m u = F (xD +"m) u. 
x m 

The theorem in the calculus of Finite Differences, corresponding in ex- 
pression, though not in power, to this, and possibly suggested before, may 
be thus enunciated. If 

(ar)„ = x(x f 1) (x + 2) . . . (x f m - J), 

then will 



— - . F («A) . (x) m u = F(x + mA + m) u, 

\ x )m 

a theorem which may be readily proved by induction from the fact that 



xA . (x) m u = (x) m (x + m&) m+ u. 

Mr. W. E. "Wilde read a description of two ancient Irish Boats, 
found in the county of Cavan, which he presented to the Museum on 
the part of Alexander Nesbitt and Robert Burrowes, Esqrs. 

The Ven. the Archdeacon of Ardfert read a paper " On an original 
Portrait of the Old Countess of Desmond." 

Mr. "Wilde presented the following donations to the Museum : — 

A bronze dagger, found in the Dunshaughlin Crannoge, on the part 
of Mrs. Kothwell, of Kells. 

An iron bridle-bit, on the part of Mrs. Tyrrell, of Ballinderry, near 
Enfield. 

The thanks of the Academy were voted to the donors. 



